Cancellation of One-loop Corrections to Scalar Masses in Yang-Mills
  Theory with Flux Compactification by Hirose, Takuya & Maru, Nobuhito
OCU-PHYS 501
NITEP 18
Cancellation of One-loop Corrections
to Scalar Masses in Yang-Mills Theory
with Flux Compactification
Takuya Hirosea and Nobuhito Marua,b,
aDepartment of Mathematics and Physics, Osaka City University,
Osaka 558-8585, Japan
bNambu Yoichiro Institute of Theoretical and Experimental Physics (NITEP),
Osaka City University, Osaka 558-8585, Japan
Abstract
We calculate one-loop corrections to the mass for the zero mode of scalar field
in a six-dimensional Yang-Mills theory compactified on a torus with magnetic flux.
It is shown that these corrections are exactly cancelled thanks to a shift symmetry
under the translation in extra spaces. This result is expected from the fact that the
zero mode of scalar field is a Nambu-Goldstone boson of the translational invariance
in extra spaces.
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1 Introduction
As one of the approaches to explore the physics beyond the Standard Model (SM), higher
dimensional theories have been much attention to paid so far. Flux compactification
has been extensively studied in string theory [1, 2]. Even in the field theories, the flux
compactification has been paid much attention. Many attractive aspects have been known
in such a commpactification: spontaneously supersymmetry breaking [3], realization of
four-dimensional chiral fermion zero-mode without any orbifold [4], explanation of the
generation number of the SM fermions [5] and computation of Yukawa coupling [4, 6, 7].
Recently, corrections to the zero mode of the scalar field in effective field theory of flux
compactification was studied [8–10]. According to their surprising results, the corrections
at one-loop vanish thanks to the shift symmetry in extra spaces. These analyses have been
done in an Abelian gauge theory with supersymmetry [8,9] or without supersymmetry [10].
In this paper, we extend the work of [10] to a Non-Abelian gauge theory, that is, a
six-dimensional SU(2) Yang-Mills theory compactified on a torus with magnetic flux. The
cancellation shown in [10] is nontrivial in this extension since we have to quantize the gauge
theory and have to take into account the ghost field contributions, which are irrelevant in
an Abelian gauge theory. Also, this extension is inevitable to apply to phenomenology.
We calculate one-loop corrections to the mass for the zero mode of the scalar field from the
gauge boson, the scalar field and the ghost field loop contributions. These corrections are
shown to be exactly cancelled. We discuss that a crucial point to show the cancellations is
the shift symmetry under translation in extra spaces, as discussed in [10]. We also discuss
that the scalar field is a Nambu-Goldstone (NG) boson of the translation in extra spaces.
This fact implies that the zero mode of the scalar field can only have derivative terms in
the Lagrangian and the mass term is forbidden by the shift symmetry.
This paper is organized as follows. In section 2, we introduce a six-dimensional Yang-
Mills theory with flux compactification. In section 3, we consider mass eigenvalue and
eigenstate for the gauge fields, scalar fields and ghost fields. An effective Lagrangian in
four dimension is derived in section 4. In section 5, we show the cancellation of corrections
to scalar mass at one-loop level. We discuss the physical reason why the corrections to
scalar mass vanish. We provide our conclusions and discussion in the last section. The
vertices needed for calculation are summarized in Appendix A.
1
2 Yang-Mills Theory with Flux Compactification
We consider a six-dimensional SU(2) Yang-Mills Theory with a constant magnetic flux.
Six-dimensional spacetime is M4 × T 2, where M4 is a Minkowski spacetime and T 2 is a
two-dimensional torus. The Lagrangian of Yang-Mills theory in six dimensions is
L6 = −1
4
F aMNF
aMN
= −1
4
F aµνF
aµν − 1
2
F aµ5F
aµ5 − 1
2
F aµ6F
aµ6 − 1
2
F a56F
a56, (1)
where the field strength tensor and the covariant derivative are defined by
F aMN = ∂MA
a
N − ∂NAaM − ig[AM , AN ]a, (2)
DMA
a
N = ∂MA
a
N + gε
abcAbMA
c
N
= ∂MA
a
N − ig[AM , AN ]a. (3)
The spacetime and gauge indices are M,N = 0, 1, · · · , 6, µ, ν = 0, 1, 2, 3, m,n = 5, 6 and
a = 1, 2, 3. The metric convention ηMN = (−1,+1, · · · ,+1) is employed. εabc is a totally
anti-symmetric tensor.
Let us first discuss how the constant magnetic flux is introduced in our model. The
magnetic flux is given by the nontrivial background (or vacuum expectation value (VEV))
of the fifth and the sixth component of the gauge field A5,6, which must satisfy their
classical equation of motion
Dm〈Fmn〉 = 0. (4)
In this paper, we choose a solution
〈A15〉 = −
1
2
fx6, 〈A16〉 =
1
2
fx5, 〈A2,35 〉 = 〈A2,36 〉 = 0, (5)
which introduces a magnetic field parametrized by a constant f , 〈F 156〉 = f and breaks a
six-dimensional translational invariance spontaneously. The magnetic flux is obtained by
integrating on T 2 and is quantized.
g
2pi
∫
T 2
dx5dx6〈F 156〉 =
g
2pi
L2f = N ∈ Z (6)
where L2 is an area of the square torus. For simplicity, we set L = 1 hereafter.
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It is useful to define ∂ and φ as
∂ ≡ ∂z = ∂5 − i∂6, z ≡ 1
2
(x5 + ix6), φ =
1√
2
(A6 + iA5). (7)
In this complex coordinate, the VEV of φ is given by 〈φ〉 = f z¯/√2, and we expand it
around flux background
φa = 〈φa〉+ ϕa (8)
where ϕa is a quantum fluctuation.
The Lagrangian (1) can be rewritten by using Eq. (7) as follows.
L6 =− 1
4
F aµνF
aµν − ∂µφ¯a∂µφa − 1
2
∂Aaµ∂¯A
aµ + g2[Aµ, φ]
a[Aµ, φ¯]a
− i√
2
(∂µφ
a∂¯Aaµ − ∂µφ¯a∂Aaµ)
+ ig
{
∂µφ
a[Aµ, φ¯]a + ∂µφ¯a[Aµ, φ]
a
}
− g√
2
{
− ∂Aaµ[Aµ, φ¯]a + ∂¯Aaµ[Aµ, φ]a
}
− 1
4
(
Dφ¯a + D¯φa +
√
2g[φ, φ¯]a
)2
, (9)
where
DΦa ≡ (D5 − iD6)Φa = ∂Φa −
√
2g[φ,Φ]a, (10)
D¯Φa ≡ (D5 + iD6)Φa = ∂¯Φa +
√
2g[φ¯,Φ]a, (11)
express the covariant derivatives with respect to the complex coordinates in compactified
space. Φa denotes an arbitrary field in the adjoint representation. We can get rid of the
mixing terms between the gauge field and the scalars in the second line of Eq. (1) by
introducing the gauge-fixing terms,
Lg−f =− 1
2ξ
(DµA
aµ + ξDmAam)2
=− 1
2ξ
DµA
aµDνA
aν − g√
2
∂φ¯a[Aµ, A
µ]a +
g√
2
∂¯φa[Aµ, A
µ]a +
ξ
4
(Dφ¯a − D¯φa)2
+
i√
2
(∂µφ
a∂¯Aaµ − ∂µφ¯a∂Aaµ). (12)
The covariant derivatives D, D¯ are defined by replacing φa, φ¯a in D, D¯ with the VEV
〈φa〉 , 〈φ¯a〉, respectively.
3
Once we have gauge-fixed, we need to introduce the ghost fields by following Faddeev-
Popov procedure to quantize gauge fields. The ghost Lagrangian reads
Lghost = −c¯a(DµDµ + ξDmDm)ca. (13)
Then, the total Lagrangian is
Ltotal =− 1
4
F aµνF
aµν − 1
2ξ
DµA
aµDνA
aν − ∂µφ¯a∂µφa
− 1
2
∂Aaµ∂¯A
aµ + g2[Aµ, φ]
a[Aµ, φ¯]a − g√
2
{
− ∂Aaµ[Aµ, φ¯]a + ∂¯Aaµ[Aµ, φ]a
}
+ ig
{
∂µφ
a[Aµ, φ¯]a + ∂µφ¯a[Aµ, φ]
a
}
− 1
4
(
Dφ¯a + D¯φa +
√
2g[φ, φ¯]a
)2
+
ξ
4
(Dφ¯a − D¯φa)2
− c¯a(DµDµ + ξDmDm)ca. (14)
3 Kaluza-Klein Mass Spectrum
In this section, we discuss mass eigenstates and eigenvalues of the fields Aaµ, ϕ
a, ca, in
which it reminds us of a discussion of Landau level in quantum mechanics.
3.1 Gauge Field
First, we find mass eigenvalue and eigenstate of the gauge field. The mass terms of gauge
field correspond to the background part of the second line in Eq.(14).
Lmass = −1
2
∂Aaµ∂¯A
aµ + g2[Aµ, 〈φ〉]a[Aµ, 〈φ¯〉]a − g√
2
{
− ∂Aaµ[Aµ, 〈φ¯〉]a + ∂¯Aaµ[Aµ, 〈φ〉]a
}
= −1
2
DAaµD¯Aaµ
= −1
2
Aaµ[−DD¯]Aaµ. (15)
We note that D and D¯ can be identified with creation and annihilation operators
(see [4], [8]): a ∝ iD¯, a† ∝ iD. Expressing them in a matrix form as
Dac =
 ∂ 0 00 ∂ −√2iε213g 〈φ1〉
0
√
2iε312g 〈φ1〉 ∂
 =
 ∂ 0 00 ∂ igf z¯
0 −igf z¯ ∂
 , (16)
D¯ac =
 ∂¯ 0 00 ∂¯ √2iε213g 〈φ¯1〉
0 −√2iε312g 〈φ¯1〉 ∂¯
 =
 ∂¯ 0 00 ∂¯ −igfz
0 igfz ∂¯
 , (17)
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we can calculate their commutator
[iD¯, iD]ac =
 0 0 00 0 −2igf
0 2igf 0
 = 2igfεa1c. (18)
Thus, the creation and annihilation operators can be defined by
a =
1√
2gf
iD¯, a† = 1√
2gf
iD, (19)
and we obtain the commutation relation
[a, a†]ac = iεa1c. (20)
Diagonalizing the covariant derivatives are non-diagonal as
Dacdiag =
 ∂ 0 00 ∂ − gf z¯ 0
0 0 ∂ + gf z¯
 , D¯acdiag =
 ∂¯ 0 00 ∂¯ + gfz 0
0 0 ∂¯ − gfz
 . (21)
the commutation relation is diagonalized.
[a, a†] =
 0 0 00 1 0
0 0 −1
 . (22)
Each component of creation and annihilation operators are summarized as follows.
a1 ≡ 1√
2gf
i∂¯
a2 ≡ 1√
2gf
i(∂¯ + gfz)
a3 ≡ 1√
2gf
i(∂¯ − gfz)
,

a†1 ≡
1√
2gf
i∂
a†2 ≡
1√
2gf
i(∂ − gf z¯)
a†3 ≡
1√
2gf
i(∂ + gf z¯)
. (23)
We note that a1 and a
†
1 play no role of creation and annihilation operators. Although
a2 and a
†
2 are ordinary annihilation and creation operators, the roles of creation and
annihilation operators for a3 and a
†
3 are inverted because of [a3, a
†
3] = −1. The ground
state mode functions are determined by a2ψ
2
0,j = 0, a
†
3ψ
3
0,j = 0, where j = 0, · · · , |N | − 1
labels the degeneracy of the ground state. Higher mode functions ψana,j are constructed
similar to the harmonic oscillator case,
ψ1n1,j, ψ
2
n2,j
=
1√
n2!
(a†2)
n2ψ20,j, ψ
3
n3,j
=
1√
n3!
(a3)
n3ψ30,j, (24)
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and satisfy a orthonormality condition∫
T 2
dx2(ψa
′
n′a,j′)
∗ψana,j = δ
a′aδn′anaδj′j (25)
and relations
a1ψ
1
n1,j
= ψ1n1,j
a2ψ
2
n2,j
=
√
n2ψ
2
n2−1,j
a3ψ
3
n3,j
=
√
n3 + 1ψ
3
n3+1,j
,

a†1ψ
1
n1,j
= ψ1n1,j
a†2ψ
2
n2,j
=
√
n2 + 1ψ
2
n2+1,j
a†3ψ
3
n3,j
=
√
n3ψ
3
n3−1,j
. (26)
The mass operator for gauge field (denoted by H from an analogy of harmonic oscillator
Hamiltonian) is diagonalized as
Hcc′diag = −DdiagD¯diag = 2gf
 n1 0 00 n2 0
0 0 n3 + 1
 (27)
with Landau level n2,3 and mass eigenstate of gauge fields are defined by
A˜aµ = UA
a
µ, A˜
aµ = U−1Aaµ (28)
with a unitary matrix
U =
1√
2
 √2 0 00 1 i
0 i 1
 . (29)
3.2 Scalar Field
Next, we find mass eigenvalues of the scalar fields. Extracting quadratic terms for ϕa
from Eq. (14), we obtain
Lϕϕ = −1
4
(
Dϕ¯aDϕ¯a +Dϕ¯aD¯ϕa + D¯ϕaDϕ¯a + D¯ϕaD¯ϕa − 4gf [ϕ, ϕ¯]1
)
+
ξ
4
(
Dϕ¯aDϕ¯a −Dϕ¯aD¯ϕa − D¯ϕaDϕ¯a + D¯ϕaD¯ϕa
)
. (30)
As the discussion in the previous subsection, we need to diagonalize them. In order to
justify that the scalar masses can be simultaneously diagonalized by the same unitary
rotation
ϕ˜ = U−1ϕ, ¯˜ϕ = Uϕ¯. (31)
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as that of the gauge field, we give some arguments below. Because of Dϕ¯aD¯ϕa =
−ϕ¯aDD¯ϕa, the second and the third terms in the first line of Eq. (30) can be diago-
nalized by the unitary matrix U .
Next, we focus on the first term in the first line of Eq. (30)
Dϕ¯aDϕ¯a = −ϕ¯aDDϕ¯a
= 2gf
(
¯˜ϕ1(a1)
2 ¯˜ϕ1 − i ¯˜ϕ2(a2)2 ¯˜ϕ3 − i ¯˜ϕ3(a3)2 ¯˜ϕ2
)
. (32)
Integrating out on square torus, the second term and third term in Eq. (32) vanish thanks
to the orthogonality of the mode functions. The first term in Eq. (32) also vanishes since
we will consider the zero mode of ¯˜ϕ1 independent of z, z¯. This result is the same for
D¯ϕaD¯ϕa. The last term in the first line of Eq. (30) can be also diagonalized by the
unitary matrix U ,
−4gf [ϕ, ϕ¯]1 = 2× 2gf ¯˜ϕa
 0 0 00 1 0
0 0 −1
 ϕ˜a. (33)
Applying the same argument to the scalar mass terms from the gauge fixing terms in the
second line of Eq. (30), we finally obtain mass eigenvalues of ϕa:
m2ϕ = gf
 (1 + ξ)n1 0 00 (1 + ξ)n2 + 1 0
0 0 (1 + ξ)n3 + ξ
 . (34)
3.3 Ghost Field
Finally, we find mass eigenvalues of ghost field. Extracting the quadratic terms for ca, we
have
Lcc = −c¯aξDmDmca. (35)
The differential operator DmDm can be rewritten as follows.
(DmDm)ab = (D25 +D26)ab
= −[(iD)(iD¯)]ab − 1
2
[D, D¯]ab
= −2gf
[
(a†a)ab +
1
2
iεa1b
]
, (36)
7
where we used [D5,D6] = [D, D¯]/2i. Thus, the ghost mass matrix is diagonalized as
mabc = 2gf
 n1 0 00 n2 + 12 0
0 0 n3 +
1
2
 . (37)
Mass eigenstate of the ghost field is defined as
¯˜ca = Uc¯a, c˜a = U−1ca. (38)
4 Effective Lagrangian
The purpose of this section is to derive effective Lagrangian in four dimensions by KK
reduction. Although the gauge field Aaµ and the ghost field c
a are expanded for all com-
ponents, only ϕ2,3 are expanded as for the scalar field since we are interested in the
corrections to the mass for the zero mode of ϕ1 independent of z, z¯.
A˜aµ =
∑
na,j
A˜aµ,na,jψ
a
na,j (a = 1, 2, 3), (39)
ϕ˜a =
∑
na,j
ϕ˜ana,jψ
a
na,j,
¯˜ϕa =
∑
na,j
¯˜ϕana,jψ
a∗
na,j (a = 2, 3) (40)
c˜a =
∑
na,j
c˜ana,jψ
a
na,j,
¯˜ca =
∑
na,j
c¯ana,jψ
a∗
na,j (a = 1, 2, 3). (41)
Notice that (Aaµ,na,j)
† = Aaµ,na,−j is satisfied because the gauge field is real A
†
µ = Aµ and
(ψana,j(z))
∗ = ψana,−j(z¯) is also satisfied. From Eq. (14) and the previous discussion, our
Lagrangian is given by1
Ltotal =− 1
4
F˜ aµνF˜
aµν − ∂µ ¯˜ϕa∂µϕ˜a − ¯˜caDµDµc˜a
− 1
2
A˜aµHdiagA˜aµ − ¯˜ϕam2ϕϕ˜a − ¯˜cam2c c˜a
+ ig
{
∂µϕ
a[Aµ, ϕ¯]a + ∂µϕ¯a[Aµ, ϕ]
a
}
+ g2[Aµ, ϕ]
a[Aµ, ϕ¯]a
− g√
2
{
− ∂Aaµ[Aµ, ϕ¯]a + ∂¯Aaµ[Aµ, ϕ]a
}
+
g√
2
(Dϕ¯+ D¯ϕ)a[ϕ, ϕ¯]a − 1
2
g2[ϕ, ϕ¯]a[ϕ, ϕ¯]a
− gξ√
2
(
[ϕ, c¯]a∂¯ca − [ϕ¯, c¯]a∂ca
)
. (42)
1 Do not confuse F˜µν as the dual of Fµν .
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In the above expression, only the quadratic terms in the first and second lines are written
in terms of mass eigenstate. In order to read vertices for Feynman diagram calculations,
we must rewrite the remaining interaction terms in terms of the corresponding mass
eigenstate, which will be done below. The relevant vertices required for our calculation
in the next section are summarized in Appendix A.
4.1 Gauge Field
In this subsection, the interaction terms including the gauge field are considered. It is
easy to expand the quartic term.
g2[Aµ, ϕ]
a[Aµ, ϕ¯]a = −g2εabcεab′c′
∑
nb,j
∑
n′b,j′
Abµ,nb,jA
b′µ
n′b,j′
ϕcϕ¯c
′
ψbnb,jψ
b′
n′b,j′
, (43)
then the orthonormality condition for the mode functions leads to
LϕϕAA = −g2εabcεab′c′ηµν
∑
nb,j
Abµ,nb,jA
b′
ν,nb,−jϕ
cϕ¯c
′
. (44)
Next, we calculate the cubic term of ϕAA in a mass eigenstate. Expanding ∂Aaµ[A
µ, ϕ¯]a
in components, we have
∂Aaµ[A
µ, ϕ¯]a = iεabc∂AaµA
bµϕ¯c
⊃ −∂A˜2µA˜2µϕ¯1 + ∂A˜3µA˜3µϕ¯1
= −
(
2gf
i
a†2A˜
2
µ + gf z¯A˜
2
µ
)
A˜2µϕ¯1 +
(
2gf
i
a†3A˜
3
µ − gf z¯A˜3µ
)
A˜3µϕ¯1 (45)
where a symbol ⊃ in the second line means that only the non-vanishing terms by the
orthonormality condition are left. In the last line, the partial derivative is replaced by
Eq. (23). Using the relation (28) and the orthonormality condition for mode functions,
we find
Lϕ¯AA = −
∑
n2,j
g
√
α(n2 + 1)√
2i
A˜2µ,n2,jA˜
2µ
n2+1,−jϕ¯
1 +
∑
n3,j
g
√
α(n3 + 1)√
2i
A˜3µ,n3,jA˜
3µ
n3+1,−jϕ¯
1 (46)
where α = 2gf . Similar procedure leads to
LϕAA =
∑
n2,j
g
√
α(n2 + 1)√
2i
A˜2µ,n2,jA˜
2µ
n2+1,−jϕ
1 −
∑
n3,j
g
√
α(n3 + 1)√
2i
A˜3µ,n3,jA˜
3µ
n3+1,−jϕ
1. (47)
As for the cubic terms ∂ϕ[A, ϕ¯], ∂ϕ¯[A,ϕ], these terms turn out to vanish thanks to the
orthgonality condition for mode functions. Thus, there is no contribution to the cubic
terms in the third line of Eq. (42) in four dimensional effective Lagrangian.
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4.2 Scalar Field
Next, we calculate the cubic and quartic terms for the scalar field. It is also easy to
compute the quartic term.
−1
2
g2[ϕ, ϕ¯]a[ϕ, ϕ¯]a =
1
2
g2εabcεab
′c′ϕbϕ¯cϕb
′
ϕ¯c
′
= 2× 1
2
g2εabcεab
′c′
∑
nb,j
∑
nc,j′
ϕbnb,jϕ¯
c′
nc′ ,j′
ϕb
′
ϕ¯cψbnb,jψ
c′∗
nc′ ,j′
. (48)
The reason why a facotr 2 appears is that there are two ways to choose a pair of KK
expansions: ϕbϕ¯c
′
or ϕb
′
ϕ¯c since one of the two ϕ(ϕ¯) is taken to be ϕ1(ϕ¯1). Hence, we
obtain
Lϕϕϕϕ = g2εabcεab′c′δbc′
∑
nb,j
ϕbnb,jϕ¯
c′
nb,j
ϕb
′
ϕ¯c (49)
The calculation of cubic terms including a single ϕ1 can be done as in the case of gauge
field,
Dϕ¯a[ϕ, ϕ¯]a = iεabcDϕ¯aϕbϕ¯c
⊃ ϕ˜2ϕ˜2Dϕ¯1 − ϕ˜3ϕ˜3Dϕ¯1 −Dϕ˜2ϕ˜2ϕ¯1 +Dϕ˜3ϕ˜3ϕ¯1. (50)
The first term and second term vanish because Dϕ¯1 = 0 for zero mode of ϕ1. Remaining
non-vanishing terms are calculated as
Lϕ¯ϕ¯ϕ =
∑
n2,j
g
√
α(n2 + 1)√
2i
ϕ˜
2
n2+1,j
ϕ˜2n2,jϕ¯
1 −
∑
n3,j
g
√
α(n3 + 1)√
2i
ϕ˜
3
n3,j
ϕ˜3n3+1,jϕ¯
1, (51)
Lϕ¯ϕϕ = −
∑
n2,j
g
√
α(n2 + 1)√
2i
ϕ˜2n2+1,jϕ˜
2
n2,j
ϕ1 +
∑
n3,j
g
√
α(n3 + 1)√
2i
ϕ˜3n3,jϕ˜
3
n3+1,j
ϕ1. (52)
4.3 Ghost Field
Finally, we compute the cubic terms for the ghost and scalar fields, which include single
ϕ1.
[ϕ, c]a∂¯ca = iεabcϕac¯b∂¯cc ⊃ −¯˜c2∂¯c˜2ϕ1 + ¯˜c3∂¯c˜3ϕ1
= −¯˜c2
(√
2gf
i
a2c˜
2 − gfzc˜2
)
ϕ1 + ¯˜c3
(√
2gf
i
a3c˜
3 + gfzc˜3
)
ϕ1 (53)
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where only non-vanishing terms are left in the first line and the partial derivative is
replaced by Eq.(23). Using the relation (26) and the orthonormality condition for mode
functions, we find
Lc¯cϕ¯ =
∑
n2,j
gξ
√
α(n2 + 1)√
2i
¯˜c2n2,j c˜
2
n2+1,j
ϕ1 −
∑
n3,j
gξ
√
α(n3 + 1)√
2i
¯˜c3n3+1,j c˜
3
n3,j
ϕ1, (54)
Lc¯cϕ =
∑
n2,j
gξ
√
α(n2 + 1)√
2i
¯˜c2n2+1,j c˜
2
n2,j
ϕ¯1 −
∑
n3,j
gξ
√
α(n3 + 1)√
2i
¯˜c3n3,j c˜
3
n3+1,j
ϕ¯1. (55)
5 Cancellation of One-loop Corrections to Scalar Mass
In this section, we calculate one-loop corrections to scalar mass for the zero mode of ϕ1
and show that they are exactly cancelled.
5.1 Gauge Boson Loop
There are two diagrams from the gauge boson loop contributions displayed in Fig. 1. Su-
perscript (2), (3) means the contributions from A˜2µ, A˜
3
µ loops, respectively. Computations
I
(2)
2 , I
(3)
2I
(2)
1 , I
(3)
1
'¯1 '1
'¯1 '1
Figure 1: Gauge boson loop corrections I
(2,3)
1 and I
(2,3)
2 .
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of Feynman diagrams are expressed as
I
(2)
1 = −2ig2|N |
∞∑
n=0
∫
d4p
(2pi)4
(
3
p2 + αn
+
ξ
p2 + αnξ
)
, (56)
I
(3)
1 = −2ig2|N |
∞∑
n=0
∫
d4p
(2pi)4
(
3
p2 + α(n+ 1)
+
ξ
p2 + α(n+ 1)ξ
)
, (57)
I
(2)
2 = 2ig
2|N |
∞∑
n=0
∫
d4p
(2pi)4
(
3α(n+ 1)
(p2 + αn)(p2 + α(n+ 1))
+
α(n+ 1)ξ2
(p2 + αnξ)(p2 + α(n+ 1)ξ)
)
,
(58)
I
(3)
2 = 2ig
2|N |
∞∑
n=0
∫
d4p
(2pi)4
(
3α(n+ 1)
(p2 + α(n+ 1))(p2 + α(n+ 2))
+
α(n+ 1)ξ2
(p2 + α(n+ 1)ξ)(p2 + α(n+ 2)ξ)
)
,
(59)
where Wick rotation is applied in momentum integrals.2 To obtain I
(2,3)
2 , we use a partial
fraction decomposition
(1− ξ)p2
(p2 + αn)(p2 + αnξ)
=
1
p2 + αn
− ξ
p2 + αnξ
. (60)
We now consider the sum of I
(2)
1 and I
(2)
2 or I
(3)
1 and I
(3)
2 .
I
(2)
1 + I
(2)
2 =− 6ig2|N |
∞∑
n=0
∫
d4p
(2pi)4
(
1
p2 + αn
− α(n+ 1)
(p2 + αn)(p2 + α(n+ 1))
)
− 2ig2|N |
∞∑
n=0
∫
d4p
(2pi)4
(
ξ
p2 + αnξ
− α(n+ 1)ξ
2
(p2 + αnξ)(p2 + α(n+ 1)ξ)
)
, (61)
I
(3)
1 + I
(3)
2 =− 6ig2|N |
∞∑
n=0
∫
d4p
(2pi)4
(
1
p2 + α(n+ 1)
− α(n+ 1)
(p2 + α(n+ 1))(p2 + α(n+ 2))
)
− 2ig2|N |
∞∑
n=0
∫
d4p
(2pi)4
(
ξ
p2 + α(n+ 1)ξ
− α(n+ 1)ξ
2
(p2 + α(n+ 1)ξ)(p2 + α(n+ 2)ξ)
)
.
(62)
Noting that we can deform the integrand in the first line of I
(2)
1 + I
(2)
2 as
1
p2 + αn
− α(n+ 1)
(p2 + αn)(p2 + α(n+ 1))
=
1
p2 + αn
− (n+ 1)
(
1
p2 + αn
− 1
p2 + α(n+ 1)
)
= − n
p2 + αn
+
n+ 1
p2 + α(n+ 1)
, (63)
2 In our convention of the metric, the sign of p2 is unchanged after Wick rotation.
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we find a crucial result
∞∑
n=0
∫
d4p
(2pi)4
(
− n
p2 + αn
+
n+ 1
p2 + α(n+ 1)
)
= 0 (64)
by the shift n → n + 1 in the first term. The same result holds for the integrand in the
first line of I
(3)
1 + I
(3)
2 . As for the integrand in the second line of I
(2)
1 + I
(2)
2 , I
(3)
1 + I
(3)
2 , the
same structure can be easily found after the change of variable p2 = ξq2.
Thus, we conclude
I
(2)
1 + I
(2)
2 = 0, I
(3)
1 + I
(3)
2 = 0, (65)
which implies that the corrections from the gauge boson loop are cancelled. We emphasize
that this cancellation holds for an arbitrary ξ.
5.2 Scalar Loop
Two diagrams from the scalar field loop contributions are shown in Fig. 2. Here, super-
script (2), (3) means the contributions from ϕ˜2, ϕ˜3 loops, respectively. Computation of
'¯1 '1
'¯1 '1
I
(2)
3 , I
(3)
3 I
(2)
4 , I
(3)
4
Figure 2: Scalar loop corrections I
(2,3)
3 and I
(2,3)
4 .
Feynman diagrams are expressed as
I
(2)
3 = −ig2|N |
∞∑
n=0
∫
d4p
(2pi)4
1
p2 + α
2
((1 + ξ)n+ 1)
, (66)
I
(3)
3 = −ig2|N |
∞∑
n=0
∫
d4p
(2pi)4
1
p2 + α
2
((1 + ξ)n+ ξ)
, (67)
I
(2)
4 =
ig2|N |
2
∞∑
n=0
∫
d4p
(2pi)4
α(n+ 1)
(p2 + α
2
((1 + ξ)n+ 1))(p2 + α
2
((1 + ξ)(n+ 1) + 1))
, (68)
I
(3)
4 =
ig2|N |
2
∞∑
n=0
∫
d4p
(2pi)4
α(n+ 1)
(p2 + α
2
((1 + ξ)n+ ξ))(p2 + α
2
((1 + ξ)(n+ 1) + ξ))
, (69)
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where Wick rotation in momentum integral is understood.
5.3 Ghost Loop
As for the ghost loop contributions, we have only to consider a diagram shown in Fig. 3.
Superscript (2), (3) means the contributions from c˜2, c˜3 loops, respectively. Computation
'¯1 '1
I
(2)
5 , I
(3)
5
Figure 3: Ghost loop correction I
(2,3)
5 .
of Feynman diagrams are expressed as
I
(2)
5 =
ig2|N |ξ2
2
∞∑
n=0
∫
d4p
(2pi)4
α(n+ 1)
(p2 + α(n+ 1
2
))(p2 + α(n+ 3
2
))
, (70)
I
(3)
5 =
ig2|N |ξ2
2
∞∑
n=0
∫
d4p
(2pi)4
α(n+ 1)
(p2 + α(n+ 1
2
))(p2 + α(n+ 3
2
))
, (71)
where Wick rotation and a change of variable p2 → ξp2 are performed in momentum
integral. Notice that we need to consider an overall sign (−1) for the ghost loop.
5.4 Cancellation between Scalar Loop and Ghost Loop Contri-
butions
As you can see in subsection 5.1, one-loop corrections to the zero mode scalar mass are
cancelled between two diagrams of gauge boson loop. In this subsection, we show the
cancellation between the corrections from the scalar field and the ghost field loops.
First, let us consider the case ξ = 0. In this case, the contributions from the ghost
field Eq.(70) and (71) trivially vanish since they are proportional to ξ2: I
(2)
5 = I
(3)
5 = 0.
In the ξ = 0 case, the ghost field is massless, which implies no interaction with scalar
fields, therefore it is natural to vanish the contributions from the ghost loops.
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Next, let us see how the contributions from the scalar field loop become in ξ = 0 case.
From Eqs. (66) to (69), the summations from each ghost field contribution can be found
I
(2)
3 + I
(2)
4 = −ig2|N |
∞∑
n=0
∫
d4p
(2pi)4
(
1
p2 + α
2
(n+ 1)
−
α
2
(n+ 1)
(p2 + α
2
(n+ 1))(p2 + α
2
(n+ 2))
)
,
(72)
I
(3)
3 + I
(3)
4 = −ig2|N |
∞∑
n=0
∫
d4p
(2pi)4
(
1
p2 + α
2
n
−
α
2
(n+ 1)
(p2 + α
2
n)(p2 + α
2
(n+ 1))
)
. (73)
Utilizing the result Eq. (63), we can easily see that these contributions are zero, that is
I
(2)
3 + I
(2)
4 = 0, I
(3)
3 + I
(3)
4 = 0. (74)
Let us next consider a more nontrivial case ξ = 1, in which we expect nontrivial
cancellations between the corrections from the scalar field and ghost field loops. The sum
from the scalar and ghost field contributions can be found
I
(2)
3 + I
(2)
4 + I
(2)
5 =− ig2|N |
∞∑
n=0
∫
d4p
(2pi)4
(
1
p2 + α(n+ 1
2
)
−1
2
α(n+ 1)
(p2 + α
(
n+ 1
2
)
)(p2 + α
(
n+ 3
2
)
)
− 1
2
α(n+ 1)
(p2 + α
(
n+ 1
2
)
)(p2 + α(n+ 3
2
))
)
=− ig2|N |
∞∑
n=0
∫
d4p
(2pi)4
(
1
p2 + α(n+ 1
2
)
− α(n+ 1)
(p2 + α
(
n+ 1
2
)
)(p2 + α(n+ 3
2
))
)
,
(75)
I
(3)
3 + I
(3)
4 + I
(3)
5 =− ig2|N |
∞∑
n=0
∫
d4p
(2pi)4
(
1
p2 + α(n+ 1
2
)
−1
2
α(n+ 1)
(p2 + α(n+ 1
2
))(p2 + α(n+ 3
2
))
− 1
2
α(n+ 1)
(p2 + α(n+ 1
2
))(p2 + α(n+ 3
2
))
)
=− ig2|N |
∞∑
n=0
∫
d4p
(2pi)4
(
1
p2 + α(n+ 1
2
)
− α(n+ 1)
(p2 + α(n+ 1
2
))(p2 + α(n+ 3
2
))
)
.
(76)
Using the result Eq.(63) again, we conclude that these contributions are also zero.
I
(2)
3 + I
(2)
4 + I
(2)
5 = 0, I
(3)
3 + I
(3)
4 + I
(3)
5 = 0. (77)
5.5 Physical Reason of Cancellation
We have shown that one-loop corrections to the zero mode of ϕ1 vanish. The physical
reason of this remarkable result can be understood from the fact that the zero mode
15
of ϕ1 is a NG boson of translational invariance in extra spaces. The transformation of
translation in extra spaces are given by
δTA
a
5 = (5∂5 + 6∂6)A˜
a
5 −
f
2
6δ
a1, (78)
δTA
a
6 = (5∂5 + 6∂6)A˜
a
6 +
f
2
5δ
a1 (79)
where 5,6 means constant parameters of translations in extra spaces. These transforma-
tions can be rewritten in complex coordinate
δTφ
a = (∂ + ¯∂¯)ϕa +
f√
2
¯δa1 (80)
where  ≡ 1
2
(5 + i6). Focusing on the zero mode of ϕ
1 and noticing ∂ϕ1 = ∂¯ϕ1 = 0, we
find
δTφ
1 =
f√
2
¯ (81)
which is simply reduced to a constant shift symmetry. This shows that the zero mode of
ϕ1 is a NG boson under the translation in extra spaces. Therefore, only the derivative
terms of the zero mode of ϕ1 are allowed in the Langrangian and it is a natural result that
one-loop corrections to the zero mode of ϕ1 vanish. It is very interesting to note that the
cancellations in the explicit calculations above have been shown by relying on the shift
n→ n+ 1, which is a remnant of the shift symmetry discussed in this subsection.
6 Conclusion and Discussion
In this paper, we have studied that one-loop corrections to the scalar mass in a six-
dimensional Yang-Mills theory compactified on a two-dimensional torus with a constant
magnetic flux. Having performed KK expansion in terms of mode functions specified by
the Landau level for the gauge field, the scaler field originated from the gauge field and
the ghost field, the four-dimensional effective Lagrangian was derived.
Using this effective Lagrangian, we have calculated one-loop corrections to the mass
for the zero mode of the scalar field from the gauge boson, the scalar field and the ghost
field loop contributions. What a remarkable thing is that these corrections are shown to
be cancelled. As for the gauge boson loop contributions, the cancellation was shown in an
arbitrary gauge-fixing parameter ξ. As for the scalar and the ghost loop contributions, the
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cancellation is independently realized for each fields in ξ = 0 case, but the cancellation
is not separable and nontrivially established in ξ = 1 case. Crucial point to show the
cancellations was the shift of mode index n→ n+ 1 in the momentum integral and mode
sum, which is a remnant of the shift symmetry described below.
The physical reason of cancellation is that the zero mode of the scalar field transforms
as a constant shift under the translation in extra spaces. Therefore, the scalar field is a
NG boson of the translation. This fact implies that the zero mode of the scalar field can
only have derivative terms in the Lagrangian and the mass term is forbidden by the shift
symmetry.
In this paper, we have taken a six-dimensional Yang-Mills theory compactified on a
torus with the magnetic flux as an illustration. Our results are expected to be true at any
order of loop calculations, for any other gauge theories and for any other models in extra
even dimensions as far as the zero mode of the scalar field is the NG boson of translation
in extra spaces. It would be interesting to extend our study along these lines.
As one of the more interesting phenomenological applications, we hit upon an appli-
cation to the models of gauge-Higgs unification (GHU) where the zero mode of scalar
field is identified with the SM SU(2) Higgs doublet. Actually, the theory of magnetic
flux compactification is, in some sense, an extension of GHU in that the VEV of Higgs
boson field depends on extra space coordinates, though it is a constant in GHU. As it
stands, Higgs boson is massless because of a NG boson. We have to introduced some
explicit breaking terms of the shift symmetry and then Higgs boson has to be a pseudo
NG boson to obtain a mass like a pion. If such explicit breaking terms are generated
by some electroweak scale dynamics, Higgs boson mass is expected to be an order of the
electroweak scale even if the compactification scale is an order of the Planck scale.3 This
scenario is very interesting and worth to pursue from the viewpoint that we do not have
any evidence of the physics beyond the SM so far. Model building along this line would
be left for our future work.
3 Similar situation is present in a GHU model proposed by one of the authors [11], where a six-
dimensional GHU model of a scalar QED compactified on a two-dimensional sphere is considered and
one-loop corrections to scalar mass have been shown to vanish. This is because the Wilson line loop can
be always contractible on a sphere, which means vanishing corrections to mass in a context of GHU.
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A Vertex
In appendix A, we summarize vertices which needed for calculations in section 4. A factor
=
'¯1 '1 '¯1 '1
A˜2µ,n,j A˜
2
⌫,n, j A˜
3
⌫,n, jA˜
3
µ,n,j
=  2ig2⌘µ⌫
Figure 4: 4-point vertex for ϕϕAA
“2” is a symmetry factor.4
='¯
1 '1
='¯
1 '1
A˜2µ,n+1, j
A˜2⌫,n,j A˜
3
⌫,n,j
A˜3µ,n+1, j
=  g
p
↵(n+ 1)p
2
⌘µ⌫
=
g
p
↵(n+ 1)p
2
⌘µ⌫
A˜2µ,n+1,j
A˜2⌫,n, j
A˜3µ,n+1,j
A˜3⌫,n, j
Figure 5: 3-point vertex for ϕAA
4 Note that the minus sign comes form the epsilon tensor.
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'¯1 '1
=
'¯1 '1
=  ig2
¯˜'2n,j ¯˜'
3
n,j '˜
3
n,j'˜
2
n,j
Figure 6: 4-point vertex for ϕϕϕϕ
='¯
1 '1
¯˜'2n,j
'˜3n,j'˜
2
n,j
¯˜'2n+1,j ¯˜'
3
n+1,j
='
1 '¯1
¯˜'3n,j
'˜2n+1,j '˜
3
n+1,j
=
g
p
↵(n+ 1)p
2
=  g
p
↵(n+ 1)p
2
Figure 7: 3-point vertex for ϕϕϕ
'¯1 '1=
¯˜c2n,j ¯˜c
2
n+1,j
¯˜c3n+1,j ¯˜c3n,j
c˜2n+1,j c˜
2
n,j
c˜3n,j c˜
3
n+1,j
'¯1 '1=
=
g⇠
p
↵(n+ 1)p
2
=  g⇠
p
↵(n+ 1)p
2
Figure 8: 3-point vertex for ϕcc
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